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ABSTRACT
Exactly soluble string theories describing a particular hadronic sector of certain confining
gauge theories have been obtained recently as Penrose-Gu¨ven limits of the dual supergravity
backgrounds. The effect of taking the Penrose-Gu¨ven limit on the gravity side translates, in
the gauge theory side, into an effective truncation to hadrons of large U(1) charge (annulons).
We present an exact calculation of the finite temperature partition function for the hadronic
states corresponding to a Penrose-Gu¨ven limit of the Maldacena-Nu`n˜ez embedding of N = 1
SYM into string theory. It is established that the theory exhibits a Hagedorn density of states.
Motivated by this exact calculation we propose a semiclassical string approximation to the
finite temperature partition function for confining gauge theories admitting a supergravity dual,
by performing an expansion around classical solutions characterized by temporal windings. This
semiclassical approximation reveals a hadronic energy density of states of Hagedorn type, with
the coefficient determined by the gauge theory string tension as expected for confining theories.
We argue that our proposal captures primarily information about states of pure N = 1 SYM,
given that this semiclassical approximation does not entail a projection onto states of large
U(1) charge.
1
1 Introduction
The duality between N = 4 Supersymmetric Yang-Mills (SYM) theory and string theory in
AdS5×S5 [1] has given a concrete playground where ideas about the gauge/gravity correspon-
dence have been widely tested. In a series of papers, some of them predating the AdS/CFT
proposal, Klebanov and collaborators [2] established a direct relation between the entropy of
N = 4 SYM and the Bekenstein Hawking entropy of a stack of near extremal D3-branes.
Attempts at generalizing the ideas of [2] to cases of supergravity backgrounds dual to con-
fining gauge theories [3, 4] have encountered multiple obstacles. In particular, nonextremal
generalizations of such supergravity backgrounds are conjectured to exists only for high enough
temperatures after chiral symmetry is restored and the theory has settled into the deconfined
phase. It is fair to say that the question of understanding the hadronic density of states has
so far alluded a supergravity approach. An intuitive explanation for the failure of supergravity
to capture the density of states of confining gauge theories can be given in terms of the string
partition function. Identifying the string partition function with the gauge theory partition
function, as instructed by the gauge/gravity correspondence, the standard genus expansion in
string theory predicts the following form of the partition function:
Zstring = N
2 Z0 +N
0 Z1 +
1
N2
Z2 + . . . ,
where we identify gs ≡ N−1. This implies that to understand the confined phase (the N0
term) one must consider strings with torus topology. From this point of view the deconfined
quark-gluon contribution (the N2 term) has been successfully understood at the supergravity
level [2, 3, 4] via the Bekenstein Hawking entropy. In this paper we attempt to study the Z1
term in the above expansion.
In principle, determining Z1 requires knowledge of the full string spectrum. Although
the full super string theory in AdS-like backgrounds remains a elusive goal, recently progress
has been made by considering certain limits. In [5] a dictionary was established between
certain large R-charge operators in N = 4 SYM and string theory in the Penrose limit of
AdS5 × S5. In a somewhat generalizing proposal [6], it was argued that by way of studying
classical configurations of the string sigma model in supergravity backgrounds one can obtain
information about specific sectors of the spectrum of strings in such backgrounds. In particular,
[6] provided a semiclassical string derivation of the anomalous dimension of twist-two operators
in N = 4 SYM. Interestingly, this relation holds for the corresponding twist-two operators in
QCD. Other remarkable results, like the presence of hard amplitudes for strings, have been
obtained in a conceptually similar line of attack which approximates string theory processes
in AdS-like backgrounds by a convolution of wave functions in the AdS-like background and
standard string theory amplitudes [7]. This climate encourages us to looked for a semiclassical
alternative to the computation of the finite temperature partition function.
The structure of Z1 above turns out to be intimately related to the nature of the Hagedorn
density of states in the gauge/gravity correspondence. Ever since in the 60’s the analysis
of experimental data from hadron scattering lead Hagedorn [8] to introduce the asymptotic
1
bootstrap condition (now known as a Hagedorn density of states), the nature of this distribution
has been a source of interest. In the 80’s, explicit computations of the partition functions of
all consistent string theories, showed the universality of the Hagedorn density of states in
string theory. More recently, based on the solubility of string theory on a curved plane wave
background with Ramond Ramond flux [9], a Hagedorn temperature has been established in a
new exactly solvable string theory on a curved background with Ramond Ramond flux [10] (see
also [11, 12, 13]). The universal appearance of a Hagedorn density of states in string theories
adds to the fascination of the subject. Several authors have studied this very tantalizing
similarity between gauge and string theories in the AdS/CFT context [14].
Our goal in this paper is twofold. First, we compute exactly the thermal partition function
of a string theory description of certain hadronic states. By analyzing the structure of the
result we are lead to a proposal which constitutes the second goal of this paper – a proposal
for a semiclassical evaluation of the nonzero temperature partition function.
2 A string theory dual to hadronic states
In the framework of the AdS/CFT some supergravity solutions have been constructed that
are dual to confining gauge theories. Most notable are the Klebanov-Strassler (KS) [15] and
Maldacena-Nu´n˜ez (MN) [16] solutions. Generalizing some of the ideas proposed in [5], a par-
ticular sector of these theories has been isolated. The resulting string theory is exactly solvable
and describes hadronic excitations of the gauge theory [17]. Since the Penrose-Gu¨ven limit of
either KS or MN backgrounds entails boosting along a certain compact direction transverse
to the gauge theory directions, the hadronic states that are dual to the string theory modes
necessarily have large U(1) charge. These hadronic states that are selected upon taking the
Penrose-Gu¨ven limit may be viewed as ripples on an infinitely heavy configuration with a large
U(1) charge, called annulon [17].
In this section we will consider the theory emerging as a limit of the Maldacena-Nu´n˜ez
solution since it is technically simpler to deal with, and since it already contains all of the
features believed to be universal for duals of confining theories. The light-cone Hamiltonian in
question is [17]:
H =
P 2i
2p+
+
P 24
2p+
+
1
2α′p+
∞∑
n=1
n(N in +N
4
n)
+
1
2α′p+
∞∑
n=0
(
wanN
a
n + w
b
nN
b
n
)
+
1
2α′p+
∞∑
n=0
(
ωαnSαn + ωβnSβn
)
. (2.1)
where i = 1, 2, 3, a = 5, 6, b = 7, 8, α = 1, 2, 3, 4 and β = 5, 6, 7, 8; N sn = a
s,†
n a
s
n + a˜
s,†
n a˜
s
n and
Ss = Ss,†n Ssn+ S˜s,†n S˜sn are bosonic and fermionic occupation numbers respectively which include
both left and right movers. The frequencies that appear in the Hamiltonian are
wan =
√
n2 + (m0p+α′)2, wbn =
√
n2 +
1
9
(m0p+α′)2,
ωαn =
√
n2 +
1
9
(m0p+α′)2, ωβn =
√
n2 +
4
9
(m0p+α′)2. (2.2)
The general structure of the light-cone Hamiltonian is rather simple. In ten dimensions the
bosonic sector contains eight physical degrees of freedom. Generically three of these eight are
massless. These three fields can be traced to part of the Poincare symmetry in the original
background. The remaining five degrees of freedom represent specific excitations of the ground
state and they are generically massive bosons in two dimensions. Some of the values of the
masses can be traced back to symmetries of the original background before taking the limit. In
other words, the Hamiltonian receives contributions from the momentum and stringy excitations
in the spatial directions of the field theory (index i = 1, 2, 3),H‖, and a contribution from the
massive “zero” modes and excitations of the internal directions (index s = 4, 5, 6, 7, 8), H⊥.
There are two important features which both the bosonic MN and KS Hamiltonians share.
First, both theories have the same H‖. Second, they have two worldsheet bosons with mass
p+α′m0. Where m0 is defined in such a way that the energy E of the string theory vacuum
state is Jm0, where J is a large number representing an internal U(1) charge in the dual gauge
theory. The two theories then share the fact that the lowest-lying mode of the two massive
bosons shifts E by exactly m0 (see [17] for a more complete description and notation). There
is a feature that was not completely understood in [17] and that is not believed to be universal:
one of the transverse excitations is massless.
The expression (2.1) is, in principle, sufficient to calculate the thermal partition function.
However, it is very convenient to use a path integral approach (see [10]). Following this approach
we use that the building blocks of the full partition function are the partition function of a
massive boson and a massive fermion on the torus described by the modular parameter τ :
z
(0,0)
lc (τ,m0) =

 ∏
n1,n2∈Z
Imτ
(
(
2π
4Imτ
)2|n1τ − n2|2 + m
2
0 β
2
Imτ 2
)

−1
(2.3)
= exp

−πImτ ∑
n∈Z
√
n2 +m2

 [ ∏
n∈Z
(
1− exp[2π(−Imτ
√
n2 +m2 + iReτn)]
) ]−1
.
z
(0,1/2)
lc (τ,m0)=
∏
n1,n2∈Z
Imτ
(
(
2π
4Imτ
)2
∣∣∣∣n1τ + 2n2 + 12
∣∣∣∣
2
+
m20 β
2
Imτ 2
)
(2.4)
= exp

πImτ ∑
n∈Z
√
n2 +m2

 ∏
n∈Z
(
1 + exp[2π(−Imτ
√
n2 +m2 + iReτn)]
)
.
where Imτ = β/(2πp+). The free energy of a gas of non-interacting strings is:
F = − 1
β
Tr
[
(−1)F ln(1− (−1)F)e−βE
]
. (2.5)
We evaluate the above expression explicitly by series expanding the ln in and grouping the sum
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over even and odd integers:
F = − 1
2π ls
∞∫
0
dImτ
Imτ 2
1/2∫
−1/2
dReτ
{ ∑
r=odd
exp(− β
2 r2
2π α′ Imτ
)
×
[
Imτ−1/2|η(τ)|−2
]4 [
z
(0,0)
lc (τ,
m0 β r
Imτ
)
]2 [
z
(0,0)
lc (τ,
m0 β r
3Imτ
)
]2
×
[
z
(0,1/2)
lc (τ,
m0 β r
3Imτ
)
]4 [
z
(0,1/2)
lc (τ,
2m0 β r
3Imτ
)
]4
+
∑
r=even
′
exp(− β
2 r2
2π α′ Imτ
)
[
Imτ−1/2|η(τ)|−2
]4 [
z
(0,0)
lc (τ,
m0 β r
Imτ
)
]2 [
z
(0,0)
lc (τ,
m0 β r
3Imτ
)
]2
×
[
z
(0,0)
lc (τ,
m0 β r
3Imτ
)
]−4 [
z
(0,0)
lc (τ,
2m0 β r
3Imτ
)
]−4 }
. (2.6)
A simplifying way to look at the above expression (2.6) is to realize that it is nothing but
the thermal one loop free energy of a string theory with the following content: four massless
bosons, two bosons with mass m0, two bosons with mass m0/3; four fermions with mass m0/3
and four more fermions with mass 2m0/3. Note the change in the spin structure of the fermionic
contribution to the partition function which can be explained by the action of (−1)F.
From expression (2.6) and using some of the modular properties discussed in [10], we con-
clude that this string theory has a Hagedorn temperature given by the following equation:
− T˜sβ2H +
4
3
π − 8πγ0(m0βH)− 8πγ0(m0
3
βH) + 16πγ1/2(
m0
3
βH) + 16πγ1/2(
2m0
3
βH) = 0, (2.7)
where γ0(M) =
∑
n∈Z
√
n2 +M2 is the Casimir energy of a massive bosonic degree of freedom,
while γ1/2(M) =
∑
n∈Z+1/2
√
n2 +M2 is the Casimir energy of a fermionic degree of freedom,
with spin structure (1/2, 0). In the previous relation we have used the mapping between string
theory and gauge theory quantities obtained in [17], in particular 1/2πα′ = Ts/J = T˜s. The
generalization of the Penrose-Gu¨ven limit taken in [17] amounts, on the gauge theory side, to
sending the string tension and the U(1) charge of the state to infinity: Ts, J → ∞ with the
ratio T˜s = Ts/J held fixed.
Notice that for small m0 the value of the Hagedorn temperature reduces to that of IIB
strings in flat space. For any nonvanishing m0 we find an increase in the value of the Hagedorn
temperature.
More important is the regime of very large m0 since it has proved to be very relevant in
gauge theory applications of the BMN construction. As shown in [10] for very large values of
m0 the functions γ0 and γ1/2 exponentially vanish and the main contribution comes, exclusively,
from the directions where the hadrons can scatter, that is, the flat directions. The density of
states in the region (m0 →∞) is thus
d(E) ≈ exp


√
4π
3
E
T˜s
1/2

 . (2.8)
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This is in contrast to the situation for the plane wave [10, 11, 12] where the Hagedorn tem-
perature goes to infinity in this limit. It can be shown that the Hagedorn temperature is
a monotonic function of m0 [12]. Thus, as we vary m0 the Hagedorn temperature range is
T˜s
1/2
/
√
4π ≤ TH ≤
√
3T˜s
1/2
/
√
4π.
3 The role of temporal windings
There are various effective ways in string theory to think about the Hagedorn temperature.
It was realized by Polchinski [18] that the standard field theoretic approach of compactifying
time to study thermal properties of field theory could be extended to string theory as well,
by simply compactifying the target space time. This opens up the possibility of interpreting
the Hagedorn density of states as caused by the windings in the temporal direction. This
development was extended in [19] and further elaborated upon in [20].
Let us first, for completeness, recall the structure of the partition function for a compactified
boson on the torus [21]. We choose the metric with torus topology to be
ds2 = |dσ1 + τdσ2|2 = dσ21 + |τ |2dσ22 + 2(Re τ)dσ1dσ2. (3.1)
The worldsheet action for a bosonic field is
S =
1
4πα′
∫
dσ1dσ2
√
γ γαβ∂αX∂βX. (3.2)
We are interested in considering configurations with nonzero winding number and therefore
consider
X = Xclassicalm,n +X
quantum,
Xclassicalm,n = mβ σ1 + nβ σ2,
Xquantum =
∑
n1,n2
Xn1,n2e
2pii(n1 σ1+n2 σ2). (3.3)
Note that Xclassical satisfies the equation of motion ∂α(
√
γγαβ∂bX) = 0, and determines a topo-
logical sector (m,n); hence the notation. The quantum part is single-valued and corresponds
precisely to the expansion of a bosonic field on the torus. Evaluating the action on the classical
configuration we have
S[Xclassicalm,n ] = β
2 |mτ − n|2
4π α′Imτ
. (3.4)
In calculating the partition function, the part coming from the single-valuedXquantum is modular
invariant by itself. To render the full partition function modular invariant we need to sum over
all pairs (m,n) ∈ Z2. The free energy written in a manifestly modular invariant way is1
1Including the sum over (m,n) ∈ Z2 for modular invariance amounts effectively to account for multi-string
states which is nothing but taking the logarithm of the partition function of a noninteracting string gas.
5
F = − 1
β
ZT 2
= − 1
2π ls
∑
m,n∈Z
′ ∫
F
d2τ
Imτ 2
1
Imτ 1/2|η(τ)|2
∑
m,n∈Z
′
exp
(
− β
2
4π α′Imτ
|mτ − n|2
)
. (3.5)
Note that in this case the free energy factorizes as
F = Fquantum Fclassical. (3.6)
This factorization turns out to be a property of flat space but the idea of computing the full
partition function by first finding a classical configuration which incorporates the temporal
windings, and then considering quantum fluctuations around it will be central to our proposal
for computing the thermal partition function semiclassically.
At this point we are ready to revisit the partition function of the annulons in the previous
section. Our intention is to cast the result of section 2 in a way that allows an interpretation
as the partition function calculated based on a classical solution and quantum fluctuations
around it. There are, however, a few subtleties to take into account. The natural candidate
for a classical solution would be the temporal coordinate playing the role of a compactified
boson described above. However, in the light-cone treatment of section 2 the time target space
coordinate is gauged away. A fully covariant approach requires dealing with the RR 3-form
field. We are content though with a partially covariant approach, in the sense that the bosons
are treated covariantly, while the fermions are κ gauge fixed.
To make explicit the emergence of a semiclassical solitonic configuration, it is crucial to
note that although we have suggestively written the integration variables as Reτ and Imτ , the
partition function (2.6) has no obvious modular properties since we are integrating over the
strip
E : Imτ > 0, −1
2
< Reτ <
1
2
. (3.7)
An interesting result obtained for strings in flat space [22] but that can be generalized to the
current situation is that the torus partition function (2.6 and 3.5) can be written in an explicitly
modular invariant way:
ZT 2 =
β
2π ls
∫
F
dImτ
Imτ 2
∫
dReτ
∑
m,n
′ exp
(
−β
2|mτ − n|2
4π α′Imτ
)
×
[
Imτ−1/2|η(τ)|−2
]4 [
z
(0,0)
lc (τ,
m0 β
Imτ
|mτ − n|)
]2 [
z
(0,0)
lc (τ,
m0 β
3Imτ
|mτ − n|)
]2
×
[
z
(b1,b2)
lc (τ,
m0 β
3Imτ
|mτ − n|)
]4 [
z
(b1,b2)
lc (τ,
2m0 β
3Imτ
|mτ − n|)
]4
(3.8)
where m and n are integers and we exclude m = n = 0; also b1 = (1 − (−1)m)/4, b2 =
(1− (−1)n)/4 denote the fermion spin structure in a given topological sector. Notice that the
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integration is over the fundamental domain
F : |τ | > 1, −1
2
< Reτ <
1
2
. (3.9)
The proof of the above presentation of the partition function relies on the definition of fun-
damental domain: a region of the upper half-plane such that no two points are related by a
modular transformation and any point outside of it can be reached by a modular transfor-
mation. Using this definition one is to write the strip in terms of the fundamental domain
F .
It is the exponent in the first line above (3.8) that can be interpreted as the classical action
of temporal winding modes. The most important result of this manipulation is the explicit
possibility of interpreting the partition function of a string theory in a curved background with
RR form field as obtained from quantum fluctuations around a classical solution which involve
windings of the spacetime temporal direction.
One interesting observation is that we see that the total partition function no longer fac-
torizes as the product of Zquantum and Zclassical, confirming that this factorization was indeed
an artifact of flat space. Nevertheless, the dependence of Zquantum on (m,n) is rather simple,
it reduces to:
m0 → m0|mτ − n|. (3.10)
4 A semiclassical evaluation of Z1
Let us assume that we have a supergravity background dual in the AdS/CFT sense to
a gauge theory. The full string theory in such backgrounds is not known. However, for a
semiclassical treatment the sigma model action is needed only up to quadratic terms and it is
given by (we follow [23]):
S =
1
4πα′
∫
dσ1dσ2
√
γ
[
(gµνγ
αβ + bµνǫ
αβ)∂αX
µ∂βX
ν
+ i(γαβδIJ − ǫαβ(ρ3)IJ)∂αXmθ¯IΓmDβθJ
]
, (4.1)
where θI (I=1,2) are the two real positive chirality 10-d MW spinors and Db is the pullback to
the world-sheet of the supergravity covariant derivative in the variation of the gravitino :
Dα = ∂α +
1
4
∂αX
m[ (ωµνm − 1
2
Hµνmρ3)Γ
µν + (
1
3!
FµνλΓ
µνλρ1 +
1
2 · 5!FµνλρκΓ
µνλρκρ0)Γm ] (4.2)
where the ρs-matrices in the I, J space are the Pauli matrices ρ1 = σ1, ρ0 = iσ2, ρ3 = σ3 .
The basic idea for a semiclassical estimation of the nonzero temperature partition function
is schematically as follows. We consider the existence of winding temporal modes a crucial
ingredient and thus, include them as part of the ansatz. In general, due to the nontriviality of
7
the warp factor (g00), this ansatz will fail and the “minimal” modification one is to consider as
the classical solution is
X0 = mβσ1 + nβσ2, r = r(σ1, σ2). (4.3)
Assuming that the background contains only a nontrivial metric and RR 3-form (for simplicity
we are keeping in mind the solution of [16]), the nontrivial equations of motions are:
∂α(
√
γγαβg00∂βX
0) = 0,
∂α
(√
γγαβgrr∂βr
)
− 1
2
∂rg00
[√
γγαβ∂αX
0∂βX
0
]
= 0. (4.4)
Given a classical solution (X0, r), the action can be evaluated as:
S[Xclassicalm,n ] =
1
4πα′
∫
dσ1dσ2
1
Imτ
[
β2(n2 +m2|τ |2 − 2(Re τ)mn)g00
+ grr (|τ |2 r˙2 + r′2 − 2(Re) r˙r′)
]
. (4.5)
The solution to the coupled system of differential equations (4.4) is in general very involved.
There is, however, a case were a simple solution exists. Let us assume the existence of a point
r0 such that :
∃ r0 : g00(r0) 6= 0, ∂rg00(r0) = 0, ∂rgrr(r0) = 0. (4.6)
Then, one solution to the system (4.4) is simply
X0 = mβσ1 + nβσ2, r(σ1, σ2) = r0. (4.7)
Now the question is – what kind of supergravity backgrounds in the context of the AdS/CFT
admit such behavior? In a series of papers Sonnenschein and collaborators [24] have shown
that the conditions (4.6) are precisely the conditions the supergravity background must satisfy
in order for the dual gauge theory to be confining. This analysis is based on the AdS/CFT
evaluation of the expectation value of the Wilson loop introduced in [25]. Moreover, the tension
in the gauge theory dual is given by Ts = g00(r0)/2πα
′. Thus, a solution of the type (4.7) exists
for any supergravity background dual to a confining theory. The classical action then becomes
S[X0classical, r = r0] = Ts
β2|mτ − n|2
2Imτ
. (4.8)
The most salient feature of this classical action is that the effective string tension that appears
is precisely that of the confining gauge theory.
4.1 Fluctuations
Let us now turn to the evaluation of Zquantum by considering quadratic fluctuations around
the classical solution (4.7). For simplicity and concreteness we will consider the background
8
describing N D5-branes wrapped on S2 [16, 26] but the method applies to any supergravity
dual to a confining gauge theory.
The metric of the solution is
ds2 = eφ
[
dxadxa + α
′gsN(dτ 2 + e2g(τ)(e21 + e
2
2) +
1
4
(e23 + e
2
4 + e
2
5)
]
,
e2φ = e−2φ0
sinh 2τ
2eg(τ)
,
e2 g(τ) = τ coth 2τ − τ
2
sinh2 2τ
− 1
4
,
(4.9)
where,
e1 = dθ1, e2 = sin θ1dφ1,
e3 = cosψ dθ2 + sinψ sin θ2 dφ2 − a(τ)dθ1,
e4 = − sinψ dθ2 + cosψ sin θ2 dφ2 − a(τ) sin θ1dφ1,
e5 = dψ + cos θ2 dφ2 − cos θ1dφ1, a(τ) = τ
2
sinh2 τ
. (4.10)
The position referred to as r0 in the previous subsection is τ = 0. Therefore, we will expand
the metric around that value. A fairly nontrivial fact we use is that e23 + e
2
4 + e
2
5 evaluated
at τ = 0 is the round S3 with radius 1/
√
2. This can be verified by writing this line element
as the SU(2) invariant line element via a direct map involving a specific SU(2) matrix [27].
Therefore, we parametrize this round S3(θ, φ, ψ) by its Euler angles. Next, choosing to expand
near the classical value θ = π/2 leads us effectively to R3(y1, y2, y3). Near τ = 0 we have
that e2g ≈ τ 2 and therefore we combine the τ -direction with S2(θ1, φ1) into R3(τ 1, τ 2, τ 3) in
Cartesian coordinates. The end result for the bosonic quadratic action is
S2b = S[X
0
classical, r = r0] +
1
2πα′
∫
dσ1dσ2
√
γγαβ (∂αX
a∂βX
ag00
+ α′gsNg00[∂ατ i∂βτi +
1
4
∂αy
i∂βyi] +
4β2
9Imτ 2
g00|mτ − n|2τ iτi
)
(4.11)
where a = 1, . . . , 4 and i = 1, 2, 3.
To read off the mass term generated in the τi directions, we must first rescale the fields
τi such that the kinetic term is canonically normalized. The bosonic part of the action yields
seven massless fields, three massive fields with mass (2/3)β
√
1
α′gsN
|mτ − n|/Imτ , and two
diffeomorphism ghosts. When evaluating the one loop partition function, the ghost contribution
will cancel out the contribution of two of the massless fluctuations, leaving us with three massive
and four massless bosonic physical degrees of freedom.
Let us turn now to the fermionic degrees of freedom. The part quadratic in fermions can
be expanded in the presence of a RR 3-form field strength and around (4.7) to give:
S2f =
i
2πα′
∫
θ¯I(
√
γγαβδIJ − ǫαβσIJ3 )∂αX0Γ0e00(δJK∂β +
1
8 · 3!e
φσJK1 Γ
µ1µ2µ3Fµ1µ2µ3∂βX
0Γ0e
0
0)θ
K
(4.12)
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where the 3-form is given by F(3) = −14gsNdy1 ∧ dy2 ∧ dy3 and we denoted the vielbeins by emµ :
emµ e
n
νηmn = gµν .
This action is still invariant under κ symmetry. To truncate to the physical degrees of
freedom, we choose the κ gauge
Γ+θI = 0. (4.13)
Following the analysis of [28] one is left then with a theory which is free of conformal anomaly2.
Then the κ gauge fixed action S2f becomes
S2f =
i
2πα′
∫
θ¯I(
√
γγαβδIJ − ǫαβσIJ3 )∂αX+Γ−(g00)−1/2(δJK∂β
+
1
8 · 3!e
φσJK1 Γ
i′
1
i′
2
i′
3Fi′
1
i′
2
i′
3
∂βX
+Γ−(g00)−1/2)θK (4.14)
where we have used that the classical solution is characterized by non-vanishing X± as well
as the gauge condition. Next notice that the term proportional to F(3) cancels by the gauge
condition. We are left therefore with 8 massless GS fermions.
One last ingredient needed for the finite temperature partition function relates to the fact
that in the path integral, the boundary conditions obeyed by the thermalized fermionic degrees
of freedom in a given soliton sector, characterized by (m,n) winding numbers, are [29]
θ(σ1 + 1, σ2) = (−1)mθ(σ1, σ1)
θ(σ1, σ2 + 1) = (−1)nθ(σ1, σ1). (4.15)
Finally, putting all the pieces together, the one loop finite temperature partition function will
be given by
ZT 2=
∑
m,n∈Z
′ β
2πls
∫
F
d2τ
1
Imτ 2
e−
β2g00
4piα′
|mτ−n|2
Imτ zb0,0(τ, 0)
5zb0,0(τ,M
2 =
4
9
β2
|mτ − n|2
Imτ 2
1
α′gsN
)3zfb1,b2(τ, 0)
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(4.16)
where [10]
zb0,0(τ,M) = e
−piImτ
∑
l∈Z
√
l2+M2
∏
l∈Z
(
1− e−2piImτ
√
l2+M2+2piiReτl
)−1
(4.17)
denotes the contribution of a bosonic degree of freedom with mass M and regular boundary
conditions, while
zfb1,b2(τ,M) = e
piImτ
∑
l∈Z
√
(l+b1)2+M2
∏
l∈Z
(1− e−2piImτ
√
(l+b1)2+M2+2piiReτ(l+b1)−2piib2),
(4.18)
2It was noted in [28] that the conformal anomaly vanishes for the GS string in the κ gauge in a flat target
space background, where the analysis reduces to considering the central charge contribution of the ten scalars,
one pair of ghosts and eight pairs of GS fermions: 10− 26 + 8 × 4× 1
2
= 0. The contribution to the conformal
anomaly of a GS fermion pair is 4 times that of a 2d Majorana worldsheet spinor [28]. More generally, in curved
backgrounds, the vanishing of the conformal anomaly is proven by computing the effective Liouville action.
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denotes the contribution of a GS fermion, with mass M and in the soliton sector m,n, with
twisted boundary conditions b1 = (1− (−1)m)/2 and b2 = (1− (−1)n)/2.
The partition function (4.16) has a potential divergence as Imτ → ∞. Reading off only
the dominant exponentials in this limit we find that for m = 1 the integrand of the partition
function
ZT 2 ≈
∫
e−
β2g00
4piα′
Imτe
−piImτ
∑
l∈Z
(5l+3
√
l2+ 4
9
β2 1
α′gsN
−8(l+ 1
2
))
, (4.19)
becomes divergent at a critical temperature TH :
1
4πα′
β2Hg00 = −2π
(
5γ0(0) + 3γ0(2βH
√
1
α′gsN
/3)− 8γ1/2(0)
)
. (4.20)
The Hagedorn temperature is none other than the temperature where the first winding soliton
becomes tachyonic [20].
In the limit of very large 1/(α′gsN) we find that the density of states is given by
d(E) ≈ exp
(√
3π
E
T
1/2
s
)
. (4.21)
Note that the density of states depends, as advertised, on the gauge theory quark-antiquark
string tension.
5 Conclusions
In our proposal there is certainly an ambiguity in the choice of the classical solution around
which to expand. We have argued for the need for temporal winding modes but this does
not exclude other configurations. In fact, in principle the partition function evaluated semi-
classically should include a sum over all classical solutions. Effectively, in this paper we have
considered two such expansions. The annulons are precisely an expansion around a classical
solution which corresponds to large U(1) flavor charge in the field theory. The advantage of
the simple choice advocated in the second part of the paper is precisely the absence of any
charge, since in order to hope to collect information close to the pure N = 1 sector which is
neutral under any charge contained in the supergravity background we should not involve any
charge. The only possible charge – U(1)R – is broken by gaugino condensate in the IR. Thus,
our choice of the classical solution is justified for the purpose of extracting information about
pure N = 1 SYM.
Let us comment on the nature of the density of states discussed here. The “confine-
ment/deconfinement” of N = 4 SYM on S3 is kinematical, reflecting just the N0 versus N2
transition in the free energy [30]. Similarly, properties like a Hagedorn temperature in these
conformal theories [10, 11, 12, 13, 31] should be understood as a kinematical effect. The confin-
ing properties we have discussed here correspond, on the contrary, to theories in the confining
11
phase with dynamical confinement. Namely, we are studying string theory backgrounds be-
lieved to be dual to embeddings of N = 1 SYM into string theory in such a way that the
dynamical confining properties remain. Thus, our calculation are expected to be more than a
kinematical effect implied by the strict N →∞ limit.
In this paper we have derived the density of states of a string theory dual of hadronic states.
Since the string theory is exactly soluble we have been able to extract this quantity exactly.
The physical input needed to obtained the solvable limit (large U(1) charge) shows itself in the
final answer for the density of states (2.8) by modifying the effective tension to be T˜s = Ts/J .
In the second part of the paper, motivated by the exact calculations performed in the first
part, we proposed a semiclassical evaluation of the finite temperature partition function. Our
proposal is particularly useful for supergravity backgrounds dual to confining theories. We
carried this semiclassical calculation for the background of N D5 wrapped on S2 whose low
energy sector contains pure N = 1 SYM [16]. We showed that generically it gives a Hagedorn
density of states with the coefficient completely determined by the gauge theory string tension
Ts (4.21). Interestingly, this is precisely the tension Ts of the quark-antiquark potential as
calculated in the AdS/CFT framework.
One possible direction is to apply our proposal to other confining theories, most naturally
to the embedding of N = 1 discussed in [15]. It would also be interesting to study confining
theories whose supergravity duals are related to manifolds of G2 holonomy. Finally, for the
case of nonconfining theories our proposal should lead to string theoretic corrections to the
Bekenstein-Hawking entropy.
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